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Netflix Prize
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Rating Prediction
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Basic Idea
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Intuitions
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Matrix Factorization
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Latent Dimension View
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Basic Matrix Factorization

Unknown variable can be 
estimated by the inner 

product of the 
corresponding item 

representation and user 
representation
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Formal Definition
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Formal Definition 

Matrix Factorization is a group of algorithm in 
linear algebra where a matrix X is factorized into 
(usually) two matrices, U and V: 

𝑚𝑓 𝐗 → 𝐔𝐕!

X U≈ VT×
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Measuring the Approximation

𝐗"×$ ≈ 𝐔"×%𝐕%×$!

• ℒ 𝐗, 𝐔𝐕!

– square loss: 𝐗 − 𝐔𝐕! !

– divergence: D 𝐗,𝐔𝐕" = ∑#,% (

)

𝑥#% log
&!"

𝐔𝐕# !"
−

𝑥#% + 𝐔𝐕" #%
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Constraints/Regularizations 

• Constraints on 𝐔 and 𝐕
– Nonnegative: all entries is larger or equals to zero
– Orthonormal/orthogonal

• Regularizing 𝐔 and 𝐕
– ℓ"-norm/ℓ#-norm: sparse 
– ℓ$-norm: robust 
– Trace norm: low rank

• In some cases, regularization is equivalent to constraints
– Constraint 𝑥⃗ $

$ ≤ 𝑐 is equivalent to regularizer 𝜆 𝑥⃗ $
$
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Matrix Factorization as Loss Function 
Minimization

min
𝐔,𝐕

ℒ 𝐗, 𝐔𝐕$ +ℛ 𝐔, 𝐕

𝑠. 𝑡. 𝐔 ∈ 𝒞%; 𝐕 ∈ 𝒞&
• ℒ 𝐗, 𝐔𝐕$ : approximation error

– Square loss 𝐗 − 𝐔𝐕! "
"

– Divergence D 𝐗 ∥ 𝐔𝐕!

• ℛ 𝐔, 𝐕 : regularization 
– ℓ#-norm/ℓ$-norm: sparse 
– ℓ"-norm/ℓ%-norm: robust 
– trace norm: low rank

• 𝒞% and 𝒞&: the constraints
– Orthonormal/orthogonal
– Nonnegative
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Models



16

Models

• SVD probably can be considered as the first matrix 
factorization model

• Nonnegative Matrix Factorization—Nonnegative 
version of SVD.
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Latent Semantic Analysis

X

𝐗!×#

VT

𝐕$%×#

Σ

𝚺%×%

≈ U

𝐔!×%

𝐾

𝐾

min
𝐔,𝚺$,𝐕

ℒ 𝐗, 𝐔𝚺,𝐕" = 𝐗 − 𝐔𝚺,𝐕"
!

!

s.t. 𝐔"𝐔 = 𝐈
𝐕𝐕" = 𝐈
𝚺, is diagonal

𝐾
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LSA Steps

• Rank-reduced Singular Value Decomposition (SVD)
– perform SVD on the input matrix 
– all but the k highest singular values are set to 0
– produces k-dimensional approximation of the original 

matrix (in least-squares sense)
– this is the “semantic space”

• Compute similarities between entities in semantic 
space (usually with cosine)
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Application Example
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Nonnegative Matrix Factorization

• Given a nonnegative matrix X, find nonnegative 
matrix factors U and V such that:

𝐗&×' ≈ 𝐔&×(𝐕!(×'
• NMF is distinguished from other methods by its 

nonnegative constraint
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Loss Functions for NMF

• Measurements of the approximation
– Square loss: 𝐗 − 𝐔𝐕$ '

'

– Divergence: D 𝐗 ∥ 𝐘 = ∑(,) 𝑥() log
*!"
+!"
− 𝑥() + 𝑦()

Note D 𝐗 ∥ 𝐘 is not a distance

• Bad news: not convex!!!
• Good news: convex in U only or V only 
• Alternative optimization

– Fixing 𝐕 updating 𝐔; then fixing 𝐔 updating 𝐕; and then 
iterate

– Finding local minima
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Algorithm 1

min
𝐔,𝐕

𝐗 − 𝐔𝐕$ '
'

s.t. 𝑢() ≥ 0, 𝑣() ≥ 0

Multiplicative update
1) Initialization: 𝐕 ← random matrix

2) Update U: 𝑢!" ← 𝑢!"
𝐗𝐕 &'

𝐔𝐕(𝐕 &'

3) Update 𝐕: 𝑣"& ← 𝑣"&
𝐔(𝐗 ')

𝐔(𝐔𝐕( ')

4) Go to 2) until converge
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Algorithm 2
min
𝐔,𝐕

D 𝐗 ∥ 𝐔𝐕"

s.t. 𝑢#% ≥ 0, 𝑣#% ≥ 0

Multiplicative update
1) Initialization: 𝐕 ← random matrix

2) Update U: 𝑢!" ← 𝑢!"
∑)

*&)
𝐔𝐕( &)

()'

∑- (-'

3) Update 𝐕: 𝑣"& ← 𝑣"&
∑& )&'

*&)
𝐔𝐕( &)

∑. ).'
4) Go to 2) until converge
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Why Nonnegative?

• Data: many data features are nonnegative
– Text: tf-idf of words
– Signal: energy measurements 
– Image: color histogram 

• From the viewpoint of human
– Easy to understand: how to interpret -0.33? 
– Natural

• But, from the viewpoint of algorithm
– Rude constraints! 
– Not optimal solution
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Application: NMF on MED Text Data
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Properties of SVD
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Improving by Adding Normalization/Bias
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Adding Normalization/Bias
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Modeling with Bias
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Adding Binary Matrix
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Alternative Integration
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Temporal Dynamics
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Modeling Temporal Dynamics
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Question
• Most values of the user-item rating matrix are unknown, but

traditional SVD-solving algorithms need a complete matrix. 
Three of the following answers are reasonable ways to fill 
the matrix. Which is not a good way to satisfy this 
requirement in a situation where the user ratings are on a 1 
to 5 scale?

A. Use the user’s mean rating.
B. Set all the missing values to 5, the maximum value.
C. Use the item's mean rating.
D. Normalize the ratings and set missing values to 0.
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More ideas
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—Bayesian Probabilistic Matrix 
Factorization

Probabilistic Interpretation
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Bayesian Probabilistic Matrix Factorization
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More…
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More…
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Sparse Coding
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Matrix Factorization as Loss Function 
Minimization

min
𝐔,𝐕

ℒ 𝐗, 𝐔𝐕$ +ℛ 𝐔, 𝐕

𝑠. 𝑡. 𝐔 ∈ 𝒞%; 𝐕 ∈ 𝒞&
• ℒ 𝐗, 𝐔𝐕$ : approximation error

– Square loss 𝐗 − 𝐔𝐕! "
"

– Divergence D 𝐗 ∥ 𝐔𝐕!

• ℛ 𝐔, 𝐕 : regularization 
– ℓ#-norm/ℓ$-norm: sparse 
– ℓ"-norm/ℓ%-norm: robust 
– trace norm: low rank

• 𝒞% and 𝒞&: the constraints
– Orthonormal/orthogonal
– Nonnegative
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Sparse Coding

• Also called dictionary learning

min
𝐔,𝐕

𝐗 − 𝐔𝐕!
,
, + 𝜆-1

.,/
𝑢./, + 𝜆,1

.,/
𝑣./

X

𝐗!×#

VT

𝐕$&×#

≈ U

𝐔!×&
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ℓ!-norm and Sparsity
min
𝐕

𝐗 − 𝐔𝐕$ (
( + 𝜆(3

),+
𝑣)+

• ℓ, relaxes ℓ-, which counts the number of nonzero items
• Geometric interpretation: penalizing is “equivalent” to constraining

min
𝐕

𝐗 − 𝐔𝐕$ (
(

s.t. ∑),+ 𝑣)+ ≤ C
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Optimization

• Bad/Good news: not convex/convex in U only or V only 
• Alternative optimization

– Fixing 𝐕 updating 𝐔; then fixing 𝐔 updating 𝐕; 
• Fixing 𝐕 updating 𝐔 is not difficult: least square 

regression
– min

𝐔
𝐗 − 𝐔𝐕$ '

'
+ 𝜆,∑(,) 𝑢()'

• Fixing 𝐔 updating 𝐕 is nontrivial

– min
𝐕

𝐗 − 𝐔𝐕$ '
'
+ 𝜆'∑(,) 𝑣()
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Optimization with ℓ!-norm

• Problem decomposition

• We will focus on 

• Stochastic coordinate descent

min
𝐕

𝐗 − 𝐔𝐕$ (
( + 𝜆(3

),+
𝑣)+ ⇔

min
𝒗!

𝐱) − 𝐔𝒗) (
( + 𝜆(∑+ 𝑣)+ , for 𝑖 = 1,⋯ ,𝑁

𝐿 𝒗 = 𝒙 − 𝐔𝒗 (
( + 𝜆(3

+
𝑣+

𝒗 …
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Optimization with ℓ!-norm
𝐿 𝒗 = 𝒙 − 𝐔𝒗 (

( + 𝜆(3
+
𝑣+

Let’s fix all but the 𝑘/0 entries in 𝒗:	
𝑙 𝑣1 = 𝒙 − 𝐔𝒗 (

( + 𝜆(3
+
𝑣+

= 𝒙 − 𝐔\1𝒗\1 − 𝒖1𝑣1 (
( + 𝜆(3

+:+41
𝑣+ + 𝜆( 𝑣1

= 𝑣1( 𝒖1 (
( − 2𝑣1 𝒙\1 − 𝐔\1𝒗\1

5
𝒖1 + 𝜆( 𝑣1 + 𝑐

min 𝑓 𝑣 = 𝑎 𝑣 − 𝑡 ( + 𝜆|𝑣|

𝑣 =

𝑡 −
𝜆
2𝑎

𝑡 ≥
𝜆
2𝑎

0 −
𝜆
2𝑎

≤ 𝑡 ≤ −
𝜆
2𝑎

𝑡 +
𝜆
2𝑎 𝑡 ≤ −

𝜆
2𝑎
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Old Question: Why We Need Sparsity? 

• Obvious benefits: saving space and computation 
time

• The world is sparse? 
– The data actually have sparse structure (what kinds of 

the data?)

– The (human) brain evolved to extract sparse structure in 
data effectively and efficiently. How does the brain do 
this?
We want to mimic what goes on in the brain for many 
real-world applications.
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Factorization Machines

[1] Steffen Rendle,“Factorization Machines,” in ICDM’10, Sydney, Australia.
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Kaggle dominance

(FM)

(FM)
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Factorization Machines (FMs)

• FMs is inspired from previous factorization models

• Each data point has a feature vector x, and a target 
value (e.g., rating score) .

• FMs model second-order feature interaction to 
overcome the sparsity.



56

Factorization Machines (FMs)

• Let  𝑥 ∈ 𝑅0 be an input vector with 𝑝 predictor 
variables.

• Model equation (degree k=2):

• Model parameters:
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Factorization Machines: Discussion

• FMs work with real valued input.
• FMs include variable interactions like polynomial 

regression.
• Model parameters for interactions are factorized.
• Number of model parameters is O(kp) (instead of 

O(𝑝,) for polynomial regression).
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Question:
How are FMs related to matrix factorization?
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FMs and MF

• Two categorical variables encoded with real valued 
predictor variables:

• with this data, the FM is iden-
cal to MF with bias:
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Computation Complexity

• Factorization Machine model equation:

• Trivial computation: O(𝑝,𝑘)
• Efficient computation can be done in: O(pk)
• Making use of many zeros in 𝑥 even in: O(𝑁1 𝑥 𝑘), 

where 𝑁1 𝑥 is the number of non-zero elements in 
vector 𝑥.
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Efficient Computation

• The model equation of an FM can be computed in 
O(pk).

• Proof:

• In the sums over 𝑖 , only non-zero 𝑥. elements have 
to be summed up → O(𝑁1 𝑥 𝑘)
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Learning

• Stochastic gradient descent
• Alternating least squares/ Coordinate Descent

• All the learning algorithms have a runtime of 
O(𝑘𝑁1 𝑥 𝑖), where 𝑖 is the number of iterations and 
𝑁1 𝑥 the number of non-zero elements in the 
design matrix 𝑋.
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Applications

• FMs are especially suited for ML problems:
– Categorical variables of large domain
– Number of predictor variables is large.
– Interactions between predictor variables are of interest.

• (Context-aware) recommender systems
• Clickthrough prediction
• Link prediction in social networks
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Summary

• Factorization Machines (FM) are a polynomial 
regression model with factorized interaction 
parameters.

• FMs bring together the generality of standard 
machine learning methods with the prediction 
quality of factorization models.

• FMs can be computed efficiently.
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Neural models related to Matrix Factorization
in the context of Recommender Systems
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Deep Learning Models for CF

• Methods of representation learning

• Methods of matching function learning
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Deep Matrix Factorization Models

• Methods of representation learning

• DeepMF: Deep Matrix Factorization (Xue et al, 
IJCAI’17)

• MF as a Neural Network (Wang et al, SIGIR’17)
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MF as a Neural Network (Wang et al,
SIGIR’17)

• Input: user -> ID (one-hot), item -> ID (one-hot).
• Representation Function: linear embedding layer.
• Matching Function: inner product.
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Deep Matrix Factorization (Xue et al, 
IJCAI’17)

• Input:
– user → items that she has rated (multi-hot), i.e., row 

vector of Y indicates the user’s global preference
– item → users who have rated it (multi-hot), i.e., column 

vector of Y indicates the item’s rating profile.
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Deep Matrix Factorization (Xue et al, 
IJCAI’17)

• Input:
– Multi-Layer Perception
– Matching Function:

cosine similarity
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Next…

• Methods of matching function learning

• NeuMF: Neural Matrix Factorization (He et al, 
WWW’17)

• NNCF: Neighbor-based NCF (Bai et al, CIKM’17)
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Why Using Neural Networks to Learn the
Matching Function?

• The simple choice of inner product can limit the 
expressiveness of an embedding-based matching 
model.
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Neural Collaborative Filtering Framework
(He et al, WWW’17)

• NCF is a general framework that replaces the inner 
product with a neural network to learn the matching 
function.

NN-based 
Matching function
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Multi-Layer Perceptron for CF

• The most intuitive idea is to use a Multi-Layer 
Perceptron as the matching function.

Unfortunately, MLP
doesn’t perform well and
underperforms MF.

Why?
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MLP is Weak in Capturing Low-Rank 
Relation (Beutel et al, WSDM’18)

Setting: Generating low-rank data, and using one-layer MLP to fit it.
r: rank size; m: data dimension (2 →matrix; 3 →3D tensor).

MLP can learn to approximate the low-rank
relation, but is inefficient in doing so.

We have to design
more effective
models to make
DNN work for CF!
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NeuMF: Neural Matrix Factorization
(He et al, WWW’17)

• NeuMF unifies the strengths of MF and MLP in 
learning the matching function:
– MF uses inner product to capture the low-rank relation
– MLP is more flexible in using DNN to learn the 

matching function.
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NNCF: Neighbor-based NCF
(Bai et al, CIKM’17)

• Feeding user and item neighbors into the NCF 
framework
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Can FMs be Extended to Neural Models?
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NFM: Neural Factorization Machine
(He and Chua, SIGIR’17)

• Inspired by FM, NFM models pairwise interactions 
between feature embeddings with multiplication.

“Deep layers” learn higher-
order feature interactions only, 
being much easier to train.

Bilinear Interaction Pooling:
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Summary

• Deep methods for collaborative filtering
– User/Item representation learning
– Matching function learning

• Deep methods for feature-based recommendation
– Cross features are important to encode
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Addressing Cold Start in Recommender 
Systems: A Semi-supervised Co-training 

Algorithm

Mi Zhang, Jie Tang, Xuchen Zhang, Xiangyang Xue
Fudan University, Tsinghua University

–

[1] M. Zhang, J. Tang, X. Zhang, X. Xue. Addressing Cold Start in Recommender Systems: A Semi-supervised Co-training Algorithm. SIGIR'14, pp. 73-82.
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Context-aware Factorization

• Our context-aware model:

• Model learning:

user’s preferences 
on a genre

item’s preferences 
on user age interval

item’s preferences 
on user occupation 

item’s preferences 
on   user gender
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Semi-supervised Co-training

• Major three steps:
1.Constructing multiple regressors.
2.Co-Training.
3.Assembling the results.
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Semi-supervised Co-training
L:Labeled

Generate

regressor1 regressor2

TeachingSet1 TeachingSet2

U UTeach

Feed back Feed back

Ensemble

final regressor
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Semi-supervised Co-training

Major step 1:

1

2

3

Training Set

Attributes

Hybrid

80%

80%

User context

Item context

User context 80%

Item context 80%

20% 20%60%generate multiple regressor

User context

Item context
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Semi-supervised Co-training

Select teachingsetMajor step 2:

U:unlabeled

U’

Confidence Roulette for regressor2

filter:
threshold

TeachingSet2
Teach

regressor1

regressor2

regressor2

regressor2

ensemble
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Modelling Paying Behavior in 
Game Social Networks

Zhanpeng Fang+, Xinyu Zhou+, Jie Tang+, Wei Shao#, A.C.M. 
Fong*, Longjun Sun#, Ying Ding-, Ling Zhou+, and Jarder Luo+

+Tsinghua University
#Tencent Corporation

*Auckland University of Technology
-Indiana University

[1] Z. Fang, X. Zhou, J. Tang, W. Shao, A.C.M. Fong, L. Sun, Y. Ding, L. Zhou, and J. Luo. Modeling Paying Behavior in Game Social Networks. CIKM'14, 
pp. 411-420.
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Billion Dollar Industry

• Facebook[1]
– 250 million monthly players
– 200 games with >1 million active players 
– 12% revenue

• Tencent[2] (Market Cap: ~150B $)
– >400 million players
– 50% revenue

[1] Facebook 2013 First Quarter Report
[2] Tencent 2013 Anual Report
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Billion Dollar Industry

• Facebook[1]
– 250 million monthly players
– 200 games with >1 million active players 
– 12% revenue

• Tencent[2] (Market Cap: ~150B $)
– >400 million players
– 50% revenue

[1] Facebook 2013 First Quarter Report
[2] Tencent 2013 Anual Report

Not only keep players playing,
but also make them pay.
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What we do 

• Given users’ data in online games, predict:

Free users -> Paying users
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What we do 

• Given users’ data in online games, predict:

• Our goal:
– Fundamental factors
– Social effect
– Predictive model

Free users -> Paying users
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Two games: DNF

• Dungeon & Fighter Online (DNF)
–Fight enemies by individuals or groups
–400+ million users
–2nd largest online game in China.
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Two games: QQ Speed

• QQ Speed
–Car racing against other users
–200+ million users
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Datasets

• Statistics of the datasets
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Datasets

• Statistics of the datasets
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Datasets

• Statistics of the datasets

Date span of 
data

No $
Free users:
Paying users:

$
New Payers:

No $ $
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Datasets

• Statistics of the datasets
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Observation – Two Questions

• How do demographic attributes affect users’ 
paying behavior?

• How do social factors influence users’ paying 
behavior?
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Observation - Demographics

• Relative risk for attribute i:

• RR(i) > 1: more likely to become paying users

• RR(i) < 1: less likely to become paying users
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Observation - Demographics
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Observation - Demographics
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Observation - Demographics
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Observation - Demographics
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Observation - Demographics
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Observation - Demographics
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Observation – Social Effects

• Social network construction
– Co-playing network

• Social relationship
– Social influence
– Strong/Weak tie
– Status

• Structural diversity
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Social Relationship –
Social Influence

More paying neighbors Higher conversion probability

Y: probability that a 
free user converts 

to a new payer
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Social Relationship –
Strong/Weak Tie

Strong ties Strong influence

Y: probability that a 
free user converts 

to a new payer
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Social Relationship –
User Status

Neighbors’ money 
consumption increases

Conversion probability 
follows a unimodal shape

Y: probability that a 
free user converts 

to a new payer
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Structure Diversity

Different structures of 
a user’s neighbors 
have different effects 
on the user’s 
behavior[1]

[1] Ugander, J., Backstrom, L., Marlow, C., & Kleinberg, J. Structural diversity in social contagion. In PNSA’12.
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Structure Diversity
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Extracted Features

• User attributes features

• Social effect features

• In-game behavior features
– #purchased items
– sum of virtual money consumption
– etc.
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Model Framework - Notations

Input:
G = (V, E, W, X)

Output:
Y

• G=(V, E, W, X) be a social network
• : strength of the relationship
• : feature vector for user vi
• : paying potential for user vi

Wij ∈W

xi ∈X
yi ∈Y
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Factorization Machines

• The prediction for feature vector xi:

• Model parameters:
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Factorization Machines

• The prediction for feature vector xi:

• Model parameters:

• It can be rewritten as:
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Factorization Machine (cont’)

• Objective function:

• Solve by Stochastic Gradient Descent (SGD)
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Local Consistent FM Model

• Consistency degree between two nodes:

• Incorporate the local consistency factor by a 
regularization term:
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Model Learning – Two-step approach

• First step
– Optimize the FM terms in training data by SGD.

.
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Model Learning – Two-step approach

• First step
– Optimize the FM terms in training data b

• Second step
– Optimize the local consistency terms by local 

propagation.

Where                    is a parameter to control the propagation rate.
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Time Complexity

• Our approach:

• Directly apply SGD:  
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Experimental Setup

• Prediction setting
– Predict whether a free user will become a new payer
– Split the datasets into training and test sets by time

• Evaluation measures
– Precision (Prec.)
– Recall (Rec.)
– F1-Measure (F1)
– Area under Curve (AUC)



122

Results of Different Methods
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Feature Contribution

LCFM-A: stands for removing attribute features
LCFM-S: stands for removing social effect features
LCFM-B: stands for removing in-game behavior features
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Social Effect Contribution
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Social Effect Contribution
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Online Test

• Test setting
– Two groups: test group and control group.
– Send messages to invite the user to attend a promotion 

activity.



127

Online Test

• Test setting
– Two groups: test group and control group.
– Send messages to invite the user to attend a promotion 

activity.
• Evaluation metric:

where CR means the new payer converting rate.
Prior strategy: suggests users mainly by their activities.
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Online Test

• Test setting
– Two groups: test group and control group.
– Send messages to invite the user to attend a promotion 

activity.
• Evaluation metric:

where CR means the new payer converting rate.
Prior strategy: suggests users mainly by their activities.
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Online Test Results

• Online test 1
– Test the effectiveness of our approach in online 

scenario.
– Test group: LCFM
– Control group: Prior strategy
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Online Test Results

• Online test 2
– Test the contribution of social factors in online 

scenario.
– Test group: LCFM
– Control group: LCFM – Social effect features
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Deploy

• The algorithm has been deployed in the online system 
(QQ Speed)

• Improve 154%: convert free users into paying users
• Improve up to 9.4%: total income
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Conclusion

• Discovered strong social influence on users’ 
paying behavior in the game network.

• Proposed a LCFM model that incorporates 
network information into FM model.

• Confirmed the effectiveness of our approach by 
online test results.

[1] Z. Fang, X. Zhou, J. Tang, W. Shao, A.C.M. Fong, L. Sun, Y. Ding, L. Zhou, and J. Luo. Modeling Paying Behavior in Game Social Networks. CIKM'14, 
pp. 411-420.
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